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Using an unbiased and very general joint density of the atomic position vectors

we are able to calculate different probabilities for the sign of the quartet given

its second neighborhood. One already knows that additional chemical

information alters the joint probability distribution (j.p.d.) of structure factors.

That is, they can and will give different j.p.d.’s for the quartet invariant given its

second neighborhood. In this paper we show that even without additional

chemical information the j.p.d.’s of structure factors can be strongly different

from the classical ones if we impose a general j.p.d. for the atomic vectors based

on the fact that the real distribution of the atomic position vectors is a sum of �
functions.

1. Introduction

The use of nonuniform joint probability distributions (j.p.d’s)

for the atomic position vectors based on a modified Patterson

function has been advocated by Brosius (1979) (see also

Brosius, 1985, 1989). There are two main approaches in this

research. A first one is to use a j.p.d. f ðx1; . . . ; xNÞ defined by

f ðx1; . . . ; xNÞ ¼ Cte
Q
i< j

Qðxi � xjÞ;

where Cte is a normalization constant. QðuÞ is the modified

Patterson function,

QðuÞ �
X

q

�
R2

q � 1

N � 1

�
cosð2�q � uÞ:

The xi are then no longer independent random variables

(r.v.’s). In this approach we must solve the problem of calcu-

lating j.p.d.’s of structure factors Eh for non-independent xi.

We claim that this issue is solved to first order by Brosius

(2008). A second approach is to use the additional information

still present in the Patterson function given one or more

interatomic vectors, e.g. the interatomic vector r12 ¼ r1 � r2.

Such information has also been used with success by

Giacovazzo (1991) (the theoretical background) and by

Altomare et al. (1992a,b, 1994). However, our approach is

different and is again based on a modified version of

f ðx1; . . . ; xNÞ above. Since r1 and r2 are given, we can consider

the much simpler j.p.d.

f1ðx1; . . . ; xNÞ ¼ Cte
QN
i¼1

Qðxi � r1ÞQðxi � r2Þ:

A first remark: for this j.p.d. the r.v.’s xi are independent. Since

the origin is not fixed yet, we can apply the transformation

xi ! xi þ r1 in f1ðx1; . . . ; xNÞ above. We then get

f2ðx1; . . . ; xNÞ ¼ Cte
QN
i¼1

QðxiÞQðxi þ r12Þ:

The function QðxiÞQðxi þ r12Þ is nothing other than a modified

Patterson superposition function.

Another question one can ask is: Is there any additional

information besides the modified Patterson function

Qðxi � xjÞ that we can still impose on the xi? The answer is yes;

additional chemical information was applied by Heinerman et

al. (1977). There was still some difficulty to be solved in that

the xi are not independent: to calculate j.p.d.’s of invariants the

authors introduce a Von Mises distribution [a similar form was

also obtained by Brosius (2008)]. It is also interesting to note

that in this paper a general expression was needed for the

orientational average of exp½2�iðh � xþ k � yþ l � zÞ�. This

problem was solved by Brosius (1978) with the Bðz; t; sÞ

formula, which is a generalization of Hauptman’s Bðz; tÞ

formula (Hauptman, 1965) and also a generalization of the

well known formula of Debye [the orientational average of

expð2�ih � xÞ].

However, there still remains the question whether it is

possible to use additional information without using Patterson

functions or additional chemical information. The answer is

yes, as we will show in this paper. Let us recall the two main

statistical methods used. The first one considers the reciprocal

vectors as the primitive r.v.’s [see e.g. Karle & Hauptman

(1958), who introduced this method]. The structure factors Eh

are then r.v.’s depending on h. This is an interesting approach

and has also led to various very interesting algebraic formulas.

The second approach considers the atomic vectors xi as the

primitive r.v.’s [see e.g. Klug (1958), Giacovazzo (1977) or van

der Putten & Schenk (1977), to name a few]. In this

approach, the primitive r.v.’s are independent and range with

uniform weight over the entire unit cell. The aim of

this paper is to show that there is still some general and

important additional information present and not used.

Using this information we are able to obtain different

statistical j.p.d.’s of structure factors. We especially treat the

case of the quartet invariant in P�11 given its second neigh-

borhood.



2. The joint distribution f(x1, . . . , xt)

We consider the space group P�11 and an equal-atom structure.

The (normalized) structure factor for t ¼ N=2 atoms in the

asymmetric unit is then given by

Eh ¼ ð2=N1=2Þ
Pt

i¼1

cosð2�h � riÞ;

where the ri are the atomic position vectors in the asymmetric

unit. Let x1; . . . ; xt be t random vector variables ranging over

the unit cell. Instead of considering a uniform density

f ðx1; . . . ; xtÞ ¼ 1 where the random vector variables range

uniformly over the unit cell, we imagine the set of all piecewise

linear paths in the unit cell with t vertices. Every path then

represents a possible configuration of the crystal. We now

want the xi to range only over these t vertices and afterwards

we want to integrate over all these paths. To put it differently,

we know that the actual distribution of the atomic vectors is a

sum of Dirac � functions. This is important and general infor-

mation. However, it remains to be shown that using this

information we can also get drastically different j.p.d.’s. This

paper will show that this is indeed the case. We know that a

better a priori guess for the j.p.d. f ðx1; . . . ; xtÞ of the xi is given

by the density

f ðx1; . . . ; xtÞ /
Qt

i¼1

Pt

s¼1

�ðxi � ysÞ

� �
;

where the ys are points in the unit cell. We can still go further

and impose possible additional information on the ys. That is,

we can consider the more general setting

f ðx1; . . . ; xtÞ /
Qt

i¼1

hðy1; . . . ; ytÞ
Pt

s¼1

�ðxi � ysÞ:

Now
Pt

s¼1 �ðxj � ysÞ is proportional to
P

q½ÊEqðyÞ=N1=2�

� expð�2�iq � xjÞ, where ÊEqðyÞ ¼ ð2=N1=2Þ
Pt

s¼1 cosð2�q � ysÞ

and y ¼ ðy1; . . . ; ytÞ. So we have the following setup:

f ðx1; . . . ; xtÞ ¼ f ðx1; . . . ; xtjy1; . . . ; ytÞhðy1; . . . ; ytÞ; ð1Þ

where

f ðx1; . . . ; xtjy1; . . . ; ytÞ ¼
Yt

j¼1

X
q

ÊEqðyÞ

N1=2
expð�2�iq � xjÞ

" #
;

ð2Þ

where y1; . . . ; yt are t random vector variables ranging over

the unit cell with some j.p.d. hðy1; . . . ; ytÞ to be discussed

shortly and where

ÊEqðyÞ � ð2=N1=2
Þ
Pt

i¼1

cosð2�q � yiÞ: ð3Þ

We also denote by ÊEqðxÞ the r.v.

ÊEqðxÞ � ÊEqðx1; . . . ; xtÞ � ð2=N1=2
Þ
Pt

i¼1

cosð2�q � xiÞ: ð4Þ

Some remark is perhaps needed. Contrary to a widely

used custom we shall not replace ÊEqðxÞ by

½ÊEqðxÞ � hÊEqðxÞi�=�½ÊEqðxÞ� where �2½ÊEqðxÞ� is the variance of

ÊEqðxÞ. This is not necessary and puts an additional burden on

the already laborious calculations. So we shall not include

these coefficients �½ÊExðqÞ�. We shall also see below that

hÊE2
qi ¼ Oð1Þ with respect to N, which is what we want.

3. The quartet and its second neighborhood in P�11�11

We consider the structure factors E1 � Eh, E2 � Ek, E3 � El,

E4 � Ehþkþl, E5 � Ehþk, E6 � Ehþl, E7 � Ekþl. Thus let

x1; . . . ; xt be t random vector variables representing the t

atomic position vectors r1; . . . ; rt .

ÊE1ðxÞ stands for ÊEhðxÞ etc. and ÊE1ðyÞ stands for ÊEhðyÞ. Let

ẐZðx1; . . . ; xtÞ be an r.v. depending on the r.v.’s x1; . . . ; xt. Then

we shall denote by

hẐZðxÞix �
R

dx1 . . . dxt f ðx1; . . . ; xtÞẐZðx1; . . . ; xtÞ ð5Þ

the average of ẐZðx1; . . . ; xtÞ with respect to x1; . . . xt. In the

same way we denote by

hẐZðyÞiy �
R

dy1 . . . dyt hðy1; . . . ; ytÞẐZðy1; . . . ; ytÞ ð6Þ

the average of the r.v. ẐZðy1; . . . ; ytÞ with respect to y1; . . . ; yt .

Sometimes we shall simply denote an r.v. ẐZ without an argu-

ment when it is clear from the context whether ẐZ means either

ẐZðxÞ or ẐZðyÞ (but we shall always denote an r.v. with a

circumflex, ^ ).

We want to calculate the j.p.d.

PðE1;E2;E3;E4;E5;E6;E7Þ

� ð1=2�Þ7
R1
�1

du1 . . . du7 expð�u1E1 � . . .� u7E7Þ

� �ðu1; . . . ; u7Þ; ð7Þ

where

�ðu1; . . . ; u7Þ ¼ hexp½iu1ÊE1ðxÞ þ . . .þ iu7ÊE7ðxÞ�ix ð8Þ

is the characteristic function. It then follows from the defini-

tion of f ðx1; . . . ; xtjy1; . . . ; ytÞ that

’ðu1; . . . ; u7Þ ¼
R

dy1 . . . dyt hðy1; . . . ; ytÞ�ðu1; . . . ; u7; yÞt;

ð9Þ

where

�ðu1; . . . ; u7; yÞ �

Z
dx1

�X
q

ÊEqðyÞ

N1=2
expð�2�iq � x1Þ

�

� exp

�
2iu1

N1=2
cosð2�h � x1Þ þ . . .

þ
2iu7

N1=2
cos½2�ðkþ lÞ � x1�

�
: ð10Þ

Then

�ðu1; . . . ; u7; yÞ ¼ 1þ
2

N
’1ðyÞ þ

2

N
’2 þ

2

NðNÞ1=2
’3ðyÞ

þ
2

NðNÞ
1=2
’4ðyÞ þ

2

NðNÞ
1=2
’5 þ

2u1u2u3u4

N2

þO
0 1

N2

� �
; ð11Þ
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where

’1ðyÞ ¼ iu1ÊE1ðyÞ þ . . .þ iu7ÊE7ðyÞ; ð12Þ

’2 ¼ �
1
2u

2
1 � . . .� 1

2u
2
7; ð13Þ

’3ðyÞ ¼ ðiu1Þðiu2ÞÊE5ðyÞ þ ðiu1Þðiu3ÞÊE6ðyÞ þ ðiu1Þðiu4ÞÊE7ðyÞ

þ ðiu1Þðiu5ÞÊE2ðyÞ þ ðiu1Þðiu6ÞÊE3ðyÞ þ ðiu1Þðiu7ÞÊE4ðyÞ

þ ðiu2Þðiu3ÞÊE7ðyÞ þ ðiu2Þðiu4ÞÊE6ðyÞ þ ðiu2Þðiu5ÞÊE1ðyÞ

þ ðiu2Þðiu6ÞÊE4ðyÞ þ ðiu2Þðiu7ÞÊE3ðyÞ þ ðiu3Þðiu4ÞÊE5ðyÞ

þ ðiu3Þðiu5ÞÊE4ðyÞ þ ðiu3Þðiu6ÞÊE1ðyÞ þ ðiu3Þðiu7ÞÊE2ðyÞ

þ ðiu4Þðiu5ÞÊE3ðyÞ þ ðiu4Þðiu6ÞÊE2ðyÞ þ ðiu4Þðiu7ÞÊE1ðyÞ;

ð14Þ

’4ðyÞ ¼
1
2ðiu1Þ

2
ÊE2hðyÞ þ . . .þ 1

2ðiu7Þ
2
ÊE2kþ2lðyÞ

þ ðiu1Þðiu2ÞÊEh�kðyÞ þ ðiu1Þðiu3ÞÊEh�lðyÞ

þ ðiu1Þðiu4ÞÊE2hþkþlðyÞ þ ðiu1Þðiu5ÞÊE2hþkðyÞ

þ ðiu1Þðiu6ÞÊE2hþlðyÞ þ ðiu1Þðiu7ÞÊEh�k�lðyÞ

þ ðiu2Þðiu3ÞÊEk�lðyÞ þ ðiu2Þðiu4ÞÊEhþ2kþlðyÞ

þ ðiu2Þðiu5ÞÊEhþ2kðyÞ þ ðiu2Þðiu6ÞÊEh�kþlðyÞ

þ ðiu2Þðiu7ÞÊE2kþlðyÞ þ ðiu3Þðiu4ÞÊEhþkþ2lðyÞ

þ ðiu3Þðiu5ÞÊEhþk�lðyÞ þ ðiu3Þðiu6ÞÊEhþ2lðyÞ

þ ðiu3Þðiu7ÞÊEkþ2lðyÞ þ ðiu4Þðiu5ÞÊE2hþ2kþlðyÞ

þ ðiu4Þðiu6ÞÊE2hþkþ2lðyÞ þ ðiu4Þðiu7ÞÊEhþ2kþ2lðyÞ

þ ðiu5Þðiu6Þ½ÊEk�lðyÞ þ ÊE2hþkþlðyÞ�

þ ðiu5Þðiu7Þ½ÊEh�lðyÞ þ ÊEhþ2kþlðyÞ�

þ ðiu6Þðiu7Þ½ÊEh�kðyÞ þ ÊEhþkþ2lðyÞ� ð15Þ

and

’5 ¼ ðiu1Þðiu2Þðiu5Þ þ ðiu3Þðiu4Þðiu5Þ þ ðiu1Þðiu3Þðiu6Þ

þ ðiu2Þðiu4Þðiu6Þ þ ðiu1Þðiu4Þðiu7Þ þ ðiu2Þðiu3Þðiu7Þ:

ð16Þ

O
0
ð1=N2Þ denotes terms of order 1=½N2ðNÞ

1=2
� or terms of

order 1=N2 that will not contribute to the calculation of the

phase invariant. From now on, all r.v.’s ÊEq will denote r.v.’s

ÊEqðyÞ unless the contrary is explicitly stated. Let us now first

take a look at equation (9). Suppose the joint density

hðy1; . . . ; ytÞ depends on the yi as a function of the ÊEqk
, i.e.

suppose hðy1; . . . ; ytÞ ¼ F½ÊEq1
ðyÞ; ÊEq2

ðyÞ; . . . ; ÊEqm
ðyÞ�. Let

then P0½ðEqÞq� be the classical j.p.d. of all structure factors, i.e.

P0½ðEqÞq� �
R

dx1 . . . dxt

Q
q

�½ÊEqðxÞ � Eq�: ð17Þ

Since �ðu1; . . . ; u7; yÞ manifestly depends on the yi as a func-

tion of some ÊEqðyÞ we can state (proved in the Appendix)

�ðu1; . . . ; u7Þ ¼
R

dy1 . . . dyt hðy1; . . . ; ytÞ�ðu1; . . . ; u7; yÞt

¼
R1
�1

Q
q

dEq P0½ðEqÞq�F ðEq1
;Eq2

; . . . ;Eqm
Þ

� ���ðu1; . . . ; u7; yÞt; ð18Þ

where in equation (18) ���ðu1; . . . ; u7; yÞt denotes

�ðu1; . . . ; u7; yÞt but where all occurrences of ÊEqðyÞ are

replaced by Eq. We might take e.g. hðy1; . . . ; ytÞ

¼ P0½ÊEhðyÞ; . . . ; ÊEkþlðyÞ�. We will not pursue this idea here

further and take instead the much simpler density

hðy1; . . . ; ytÞ ¼ 1: ð19Þ

We shall now use the notation �ðu1; . . . ; u7; yÞt instead of the

correct notation ���ðu1; . . . ; u7; yÞt. Then �ðu1; . . . ; u7Þ becomes

�ðu1; . . . ; u7Þ ¼
R1
�1

Q
q

dEq P0½ðEqÞq��ðu1; . . . ; u7; yÞt: ð20Þ

Next we use �ðu1; . . . ; u7; yÞt ¼ exp½ðN=2Þ ln�ðu1; . . . ; u7; yÞ�

to develop �ðu1; . . . ; u7; yÞt asymptotically. We get

N

2
ln�ðu1; . . . ; u7; yÞ

¼ ’1ðyÞ þ ’2 þ
1

N1=2
½’3ðyÞ þ ’4ðyÞ þ ’5�

þ
u1u2u3u4

N
�

1

N
½’1ðyÞ þ ’2�

2
þO

0 1

N

� �
: ð21Þ

Then

�ðu1; . . . ; u7; yÞt

¼ exp½ðN=2Þ ln�ðu1; . . . ; u7; yÞ�

¼ exp½’1ðyÞ þ ’2�

�
1þ

1

N1=2
½’3ðyÞ þ ’4ðyÞ þ ’5�

þ
u1u2u3u4

N
þ

1

2N
½’3ðyÞ þ ’4ðyÞ þ ’5�

2

�
1

N
½’1ðyÞ þ ’2�

2
þO

0 1

N

� ��
ð22Þ

¼ expð’2Þ

��
1þ

1

N1=2
’5 þ

1

2N
’2

5 �
1

N
’2

2 þ
u1u2u3u4

N

�

� exp½’1ðyÞ� þ
1

N1=2
’3ðyÞ exp½’1ðyÞ�

þ
1

N1=2
’4ðyÞ exp½’1ðyÞ� þ

1

2N
exp½’1ðyÞ�½’3ðyÞ

2

þ ’4ðyÞ
2
þ 2’3ðyÞ’4ðyÞ þ 2’3ðyÞ’5 þ 2’4ðyÞ’5�

�
1

N
exp½’1ðyÞ�½’1ðyÞ

2
þ 2’1ðyÞ’2� þ O

0 1

N

� ��
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¼ expð’2Þ

��
1þ

1

N1=2
’5 þ

1

2N
’2

5 �
1

N
’2

2 þ
u1u2u3u4

N

�

� exp½’1ðyÞ� þ
1

N1=2

�
1þ

1

N1=2
’5

�
’3ðyÞ exp½’1ðyÞ�

þ
1

2N
exp½’1ðyÞ�’3ðyÞ

2

þ
1

N1=2

�
1þ

1

N1=2
’5

�
’4ðyÞ exp½’1ðyÞ�

þ
1

2N
exp½’1ðyÞ�’4ðyÞ

2
ð23Þ

þ
1

N
exp½’1ðyÞ�’3ðyÞ’4ðyÞ �

1

N
exp½’1ðyÞ�’1ðyÞ

2

�
2

N
exp½’1ðyÞ�’1ðyÞ’2 ð24Þ

þ O
0 1

N

� ��
: ð25Þ

Next we define �’’i as ’iðyÞ with every occurrence of ÊEqðyÞ

replaced by Eq.

In the following, we examine different terms in the previous

equations in turn.

(1) The term

Z
dy1 . . . dyt

�
1þ

1

N1=2
’5 þ

1

2N
’2

5 �
1

N
’2

2 þ
u1u2u3u4

N

�
� exp½’1ðyÞ�:

We have

R
dy1 . . . dyt exp½’1ðyÞ� ¼

R
dE1 . . . dE7 P0ðE1; . . . ;E7Þ

� expðiu1E1 þ . . .þ iu7E7Þ

¼ �0ðu1; . . . u7Þ; ð26Þ

where

�0ðu1; . . . u7Þ

¼ expð’2Þ

�
1þ

1

N1=2
’5 þ

u1u2u3u4

N
þ

1

2N
’2

5 þO
0 1

N

� ��
:

ð27Þ

(2) The term

Z
dy1 . . . dyt

1

N1=2

�
1þ

1

N1=2
’5

�
’3ðyÞ exp½’1ðyÞ�:

Consider a term from ’3ðyÞ, say ðiu1Þðiu2ÞÊE5ðyÞ. Then

Z
dy1 . . . dyt

1

N1=2
ðiu1Þðiu2ÞÊE5ðyÞ exp½’1ðyÞ�

¼

Z
dE1 . . . dE7 P0ðE1; . . . ;E7Þ

1

N1=2
ðiu1Þðiu2ÞE5

� expðiu1E1 þ . . .þ iu7E7Þ

¼

Z
dE1 . . . dE7

1

2�

� �7=2

expð�1
2E

2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . . iu7E7Þ

�
1þ

E1E2E5

N1=2
þ

E3E4E5

N1=2

þ
E1E3E6

N1=2
þ

E2E4E6

N1=2
þ

E1E4E7

N1=2
þ

E2E3E7

N1=2
þO

�
1

N

��

�
1

N1=2
ðiu1Þðiu2ÞE5

¼ expð�1
2u

2
1 � . . .� 1

2u
2
7Þ

�
ðiu1Þðiu2Þðiu5Þ

N1=2

þ
ðiu1Þðiu2Þðiu3Þðiu4Þ

N
½ðiu5Þ

2
þ 1� þ O0

1

N

� ��
; ð28Þ

where O0ð1=NÞ means terms of order 1=½NðNÞ1=2
� or terms of

order 1=N that do not contribute to the phase of the quartet.

On the other hand, the term ðiu1Þðiu5ÞÊE2ðyÞ contributes

Z
dy1 . . . dyt

1

N1=2
ðiu1Þðiu5ÞÊE2ðyÞ exp½’1ðyÞ�

¼

Z
dE1 . . . dE7 P0ðE1; . . . ;E7Þ

1

N1=2
ðiu1Þðiu5ÞE2

� expðiu1E1 þ . . .þ iu7E7Þ

¼

Z
dE1 . . . dE7

�
1

2�

�7=2

expð�1
2E

2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . .þ iu7E7Þ

�
1þ

E1E2E5

N1=2
þ

E3E4E5

N1=2

þ
E1E3E6

N1=2
þ

E2E4E6

N1=2
þ

E1E4E7

N1=2
þ

E2E3E7

N1=2
þO

�
1

N

�#

�
1

N1=2
ðiu1Þðiu5ÞE2

¼ expð�1
2u

2
1 � . . .� 1

2u
2
7Þ

�
ðiu1Þðiu2Þðiu5Þ

N1=2

þ
ðiu1Þðiu2Þðiu3Þðiu4Þ

N
ðiu5Þ

2
þO

0

�
1

N

��
: ð29Þ

Also

Z
dy1 . . . dyt

1

N1=2
ðiu2Þðiu5ÞÊE1ðyÞ exp½’1ðyÞ�

¼ expð�1
2u

2
1 � . . .� 1

2u
2
7Þ

�

�
ðiu1Þðiu2Þðiu5Þ

N1=2
þ
ðiu1Þðiu2Þðiu3Þðiu4Þ

N
ðiu5Þ

2
þO

0

�
1

N

�#
:

ð30Þ

Hence
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Z
dy1 . . .

1

N1=2
’3ðyÞ exp½’1ðyÞ�

�! expð�1
2u

2
1 � . . .� 1

2u
2
7Þ

1

N1=2

�
3ðiu1Þðiu2Þðiu5Þ

þ 3ðiu1Þðiu3Þðiu6Þ þ 3ðiu1Þðiu4Þðiu7Þ þ 3ðiu2Þðiu3Þðiu7Þ

þ 3ðiu2Þðiu4Þðiu6Þ þ 3ðiu3Þðiu4Þðiu5Þ

þ 6
ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2
½ðiu5Þ

2
þ ðiu6Þ

2
þ ðiu7Þ

2
�

þ 6
ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2

�
þO

0

�
1

N

�
�! expð�1

2u
2
1 � . . .� 1

2u
2
7Þ

�
1

N1=2

�
3’5 þ 6

ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2

� ½ðiu5Þ
2
þ ðiu6Þ

2
þ ðiu7Þ

2
�

þ 6
ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2

�
þO

0

�
1

N

�
: ð31Þ

(3) The term

R
dy1 . . . dyt ð1=2NÞ’3ðyÞ

2 exp½’1ðyÞ�:

We have

Z
dy1 . . . dyt

1

2N
’3ðyÞ

2 exp½’1ðyÞ�

¼
1

2N

Z
dE1 . . . dE7 P0ðE1; . . . ;E7Þ �’’

2
3

� expðiu1E1 þ . . .þ iu7E7Þ

¼
1

2N

Z
dE1 . . . dE7

�
1

ð2�Þ1=2

�7

expð�1
2E

2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . .þ iu7E7Þ �’’
2
3 þO

0

�
1

N

�
: ð32Þ

We must see how we can get terms proportional to u1u2u3u4.

For instance, consider the term ðiu1Þðiu2ÞE5, which we repre-

sent by (125), from �’’3. We can pair this term with the terms

ðiu3Þðiu4ÞE5 which we represent by (345). Then

�
1

ð2�Þ1=2

�7
1

2N

Z
dE1 . . . dE7 expð�1

2E
2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . .þ iu7E7Þðiu1Þðiu2ÞE5ðiu3Þðiu4ÞE5

¼
1

2N
expð�1

2u
2
1 � . . .� 1

2u
2
7Þðiu1Þðiu2Þðiu3Þðiu4Þ

� ½ðiu5Þ
2
þ 1�: ð33Þ

On the other hand, the pairing of ðiu1Þðiu2ÞE5 with ðiu4Þðiu5ÞE3

gives

�
1

ð2�Þ1=2

�7
1

2N

Z
dE1 . . . dE7 expð�1

2E
2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . .þ iu7E7Þðiu1Þðiu2ÞE5ðiu4Þðiu5ÞE3

¼
1

2N
expð�1

2u
2
1 � . . .� 1

2u
2
7Þðiu1Þðiu2Þðiu3Þðiu4Þðiu5Þ

2:

ð34Þ

We also get the above contribution [equation (34)] for the

pairings of (125) with (534), (251) with (345) or (453) or (534),

and (512) with (345) or (453) or (534).

The sum of these nine pairings gives (a multiplication factor

of 2 must be taken into account)

ð1=2NÞ expð� 1
2u

2
1 � . . .� 1

2u
2
7Þ2ðiu1Þðiu2Þðiu3Þðiu4Þ½9ðiu5Þ

2
þ 1�:

ð35Þ

We can repeat the same process for the terms (136) and (137).

We then get

1

2N

Z
dE1 . . . dE7 P0ðE1; . . . ;E7Þ �’’

2
3 expðiu1E1 þ . . .þ iu7E7Þ

¼
1

N
expð�1

2u
2
1 � . . .� 1

2u
2
7Þðiu1Þðiu2Þðiu3Þðiu4Þ

� f9½ðiu5Þ
2
þ ðiu6Þ

2
þ ðiu7Þ

2
� þ 3g þ O0

�
1

N

�
: ð36Þ

(4) The termZ
dy1 . . . dyt

1

N1=2

�
1þ

1

N1=2
’5

�
’4ðyÞ exp½’1ðyÞ�:

Consider a term from ’4ðyÞ, say ðiu1Þðiu2ÞÊEh�kðyÞ. ThenZ
dy1 . . . dyt

1

N1=2
ðiu1Þðiu2ÞÊEh�kðyÞ exp½’1ðyÞ�

¼

Z
dE1 . . . dE7 dEh�k P0ðE1; . . . ;E7;Eh�kÞ

�
1

N1=2
ðiu1Þðiu2ÞEh�k expðiu1E1 þ . . .þ iu7E7Þ

¼

Z
dE1 . . . dE7

�
1

2�

�7=2

expð�1
2E

2
1 � . . .� 1

2E
2
7Þ

� expðiu1E1 þ . . .þ iu7E7Þ

�
1þ

E1E2Eh�k

N1=2
þ . . .

�

�
1

N1=2
ðiu1Þðiu2ÞEh�k

¼ expð�1
2u

2
1 � . . .� 1

2u
2
7Þ

1

N
ðiu1Þ

2
ðiu2Þ

2
þO

0

�
1

N

�
:

ð37Þ

So this term does not contribute to the the quartet term

ðiu1Þðiu2Þðiu3Þðiu4Þ. The same holds true for the terms
1
2ðiu1Þ

2
ÊE2hðyÞ and ðiu5Þðiu6ÞÊEk�lðyÞ from ’4ðyÞ. HenceR

dy1 . . . dyt ð1=N1=2Þ’4ðyÞ exp½’1ðyÞ� does not contribute to

the phase of the quartet.

(5) Other terms of equations (23) and (24). Upon inspec-

tion, these terms are either of order 1=½NðNÞ1=2
� or of order
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1=N containing no contribution to the quartet term

ðiu1Þðiu2Þðiu3Þðiu4Þ.

(6) �ðu1; . . . ; u7Þ. Collecting the terms from the preceding

section we obtain

�ðu1; . . . ; u7Þ

¼ expð�u2
1 � . . .� u2

7Þ

�

��
1þ

1

N1=2
’5 þ

1

2N
’2

5 �
1

N
’2

2 þ
u1u2u3u4

N

�

�

�
1þ

1

N1=2
’5 þ

u1u2u3u4

N
þ

1

2N
’2

5 þO
0

�
1

N

��

þ

�
1þ

1

N1=2
’5

�
1

N1=2

�
3’5 þ 6

ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2

� ½ðiu5Þ
2
þ ðiu6Þ

2
þ ðiu7Þ

2
� þ 6
ðiu1Þðiu2Þðiu3Þðiu4Þ

N1=2

�

þ
1

N
ðiu1Þðiu2Þðiu3Þðiu4Þf9½ðiu5Þ

2
þ ðiu6Þ

2
þ ðiu7Þ

2
� þ 3g

þ O
0

�
1

N

��
ð38Þ

¼ expð�u2
1 � . . .� u2

7Þ

�
1þ

1

N1=2
ð1þ 3þ 1Þ’5

þ
3þ 1þ 1

N
’2

5 þ
1

N
ðiu1Þðiu2Þðiu3Þðiu4Þ

�

�
ð9þ 6Þ|fflfflffl{zfflfflffl}

15

½ðiu5Þ
2
þ ðiu6Þ

2
þ ðiu7Þ

2
� þ 3þ 1þ 1þ 6|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

11

�

þO
0

�
1

N

��
ð39Þ

¼ expð�u2
1 � . . .� u2

7Þ

�
1þ

5

N1=2
’5 þ

5

N
’2

5

þ
1

N
ðiu1Þðiu2Þðiu3Þðiu4Þf15½ðiu5Þ

2
þ ðiu6Þ

2
þ ðiu7Þ

2
� þ 11g

þ O
0

�
1

N

��
ð40Þ

¼ expð�u2
1 � . . .� u2

7Þ

�
1þ

5

N1=2
½ðiu1Þðiu2Þðiu5Þ

þ ðiu3Þðiu4Þðiu5Þ þ ðiu1Þðiu3Þðiu6Þ þ ðiu2Þðiu4Þðiu6Þ

þ ðiu1Þðiu4Þðiu7Þ þ ðiu2Þðiu3Þðiu7Þ�

þ
1

N
ðiu1Þðiu2Þðiu3Þðiu4Þ

�
ð15 þ 10Þ|fflfflfflfflffl{zfflfflfflfflffl}

25

½ðiu5Þ
2
þ ðiu6Þ

2

þ ðiu7Þ
2
� þ 11

�
þO

0

�
1

N

��
: ð41Þ

(7) The term PðE1; . . . ;E7Þ. We recall that

PðE1; . . . ;E7Þ

¼ ð1=2�Þ7
R1
�1

du1 . . . du7 expð�iu1E1 � . . .� iu7E7Þ

� �ðu1; . . . ; u7Þ: ð42Þ

We now apply the transformation ui�!ui=21=2. Then

PðE1; . . . ;E7Þ

¼

�
1

2�

�7�
1

21=2

�7 Z 1
�1

du1 . . . du7 exp½�iu1ðE1=21=2
Þ � . . .

� iu7ðE7=21=2
Þ��

�
u1

21=2
; . . . ;

u7

21=2

�
: ð43Þ

Using the formulas from the Appendix we can write

PðE1; . . . ;E7Þ

/ expð�1
4E

2
1 � . . .� 1

4E
2
7Þ

�
1þ

5

8N1=2
ðE1E2E5 þ E3E4E5

þ E1E3E6 þ E2E4E6 þ E1E4E7 þ E2E3E7Þ

þ
1

16N
E1E2E3E4

�
25

2

�
E2

5

4
þ

E2
6

4
þ

E2
7

4
� 3

�
þ 11

�

þO
0 1

N

� ��
: ð44Þ

This gives to order 1=½NðNÞ1=2
� the following formula for the

probability Pþ of the quartet being positive given the absolute

values jE1j; . . . ; jE7j:

Pþ ¼
1
2þ

1
2 tanh

�
1

16N
jE1E2E3E4j

�

�
25

2

�
E2

5

4
þ

E2
6

4
þ

E2
7

4
� 3

�
þ 11

��
: ð45Þ

We then get for jE5j ¼ jE6j ¼ jE7j ¼ 1

Pþ ¼
1
2þ

1
2 tanh

�
1

16N
jE1E2E3E4j

�
25

2
�

�
�

9

4

�
þ 11

��

� 1
2�

1
2 tanh

�
jE1E2E3E4j

N

�
: ð46Þ

The classical formula would give instead

Pþ;classical ¼
1
2þ

1
2 tanh

�
jE1E2E3E4j

N

�
: ð47Þ

4. Conclusion

Based on an acceptable nonuniform density f ðx1; . . . ; xtÞ 6¼ 1

of the atomic random vector variables, we are able to derive a

modified probability formula for the quartet invariant given its

second neighborhood. Our formula is

Pþ ¼
1
2þ

1
2 tanh

�
1

16N
jE1E2E3E4j

�

�
25

2

�
E2

5

4
þ

E2
6

4
þ

E2
7

4
� 3

�
þ 11

��
: ð48Þ

The overall tendency is the same as for the classical formula,

Pþ;classical ¼
1
2þ

1
2 tanh

�
1

N
jE1E2E3E4jðE

2
5 þ E2

6 þ E2
7 � 2Þ

�
:

ð49Þ
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The difference is noticeable. For instance, equation (49)

cannot predict negative signs for the quartet if

jE5j ¼ jE6j ¼ jE7j ¼ 1!

The calculation for higher neighborhoods quickly becomes

very laborious. An interesting idea would be to calculate such

formulas with a computer; see Peschar & Schenk (1987).

APPENDIX A

R1
�1

ðiuÞ
n expð�iuEÞ expð�1

2u
2Þ du ¼ ð2�Þ1=2 expð�1

2E
2ÞHnðEÞ:

ð50Þ

H0ðEÞ ¼ 1: ð51Þ

H1ðEÞ ¼ E: ð52Þ

H2ðEÞ ¼ E2
� 1: ð53Þ

H3ðEÞ ¼ E3 � 3E: ð54Þ

H4ðEÞ ¼ E4
� 6E2

þ 3: ð55Þ

H5ðEÞ ¼ E5 � 10E3 þ 15E: ð56Þ

R1
�1

E expðiuEÞ expð�1
2E

2Þ dE ¼ ð2�Þ1=2
ðiuÞ expð�1

2u
2Þ: ð57Þ

R1
�1

E2 expðiuEÞ expð�1
2E

2Þ dE ¼ ð2�Þ1=2
½ðiuÞ

2
þ 1� expð�1

2u
2Þ:

ð58Þ

R1
�1

E3 expðiuEÞ expð�1
2E

2Þ dE

¼ ð2�Þ1=2
½ðiuÞ

3
þ 3ðiuÞ� expð�1

2u
2Þ: ð59Þ

Proof of equation (18): For notational simplicity we

consider the case ’½u; ÊEhðyÞ� where y ¼ ðy1; . . . ; ytÞ. ThenR
’½u; ÊEhðyÞ� dy ¼

R
dy
R
’ðu; EhÞ�½Eh � ÊEhðyÞ� dEh

¼
R
’ðu; EhÞ dEh

R
dy �½Eh � ÊEhðyÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P0ðEhÞ

¼
R
’ðu; EhÞP0ðEhÞ dEh: ð60Þ
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